In this paper we apply the Green function formalism and the Wigner transform method to derive the radiative transfer equation for a layer of sparse discrete random medium bounded by scattering rough interfaces. The radiative transfer equation is formulated with respect to the Wigner transform of the dyadic correlation function for the electromagnetic field. The results are obtained under the effective field and on-shell approximations, and the meaning of these approximations is discussed in detail.
Introduction
The link between the electromagnetic scattering theory and the classical radiometry theory can be said to consist in a relationship between the dyadic correlation function C , which is a "spacespace" quantity, and the specific dyadic correlation function , which is a "space-phase" quantity. In Refs. [1, 2] , we defined through an angular spectrum representation for C . The procedure was to derive a series expansion for C from which the angular spectrum representation was apparent; the resulting series expansion for has led to a transport-type equation for this quantity. Fundamentally, the conceptual approach adopted in Ref. [1] follows that developed in Refs. [3, 4] , wherein the randomness of the total electromagnetic field is a direct and explicit consequence of the randomness of particle positions. Hence, no ad hoc assumptions about the statistical properties of the field are required. Yet this approach can become cumbersome in the case of a discrete random medium with scattering rough boundaries.
An alternative, albeit less rigorous, way to establish the above link is to resort to ad hoc assumptions about statistical properties of the random electromagnetic field and consider the Wigner transform of the dyadic correlation function C (r , r ) = E (r ) E (r ) V [5] [6] [7] [8] [9] , that is,
where R = (r + r ) / 2 and ρ = r − r are the "center of gravity" and the difference variable, respectively, is the dyadic product sign, stands for complex conjugate, and · V denotes the average over volumetric fluctuations of the field at points r and r implicitly caused by randomly varying particle positions. In Refs. [7, 8] , the Wigner function (1) is called the local spectrum of the random field, and it is noted that in the presence of statistical inhomogeneities, the Wigner function can take on negative values. Therefore, in the general case, an energy interpretation cannot be attributed to this quantity. Only upon making an a priori assumption that the random field is quasi-uniform, the Wigner function becomes a measure of the intensity fluctuations. In the quasi-uniform field approximation it is assumed that the dyadic correlation function varies weakly with R and varies strongly with ρ. When this assumption is made and the evanescent waves are neglected, the Wigner transform is of the form (2) so that by applying the inverse Wigner transform, we obtain the angular spectrum representation
where K is the effective wavenumber, K = Re (K ) , K = Im (K ) , and δ is the delta function. (Note that upright bold characters with carets hereinafter denote unit vectors.) Thus, by way of Eq. (2) , the Wigner transform C W reproduces the specific dyadic correlation function in the case p = K ; therefore, an alternative procedure is to derive a transport-type equation for C W .
In describing the radiative transfer in discrete random media, we distinguish two distance scales. The long-distance scale is characterized by the mean free path l mp = 1 / (2 K ) , while the shortdistance scale is characterized by the effective wavelength scale λ e = 2 π /K [10, 11] . Transport type equations are derived based on the assumption that l mp λ e , that is, the mean free path length is much larger than the wavelength scale. The quasi-uniform field approximation implies that the scale lengths of the dyadic correlation function with respect to R and ρ are the mean free path l mp and the wavelength scale λ e , respectively. In the low-frequency limit, the radiative transfer equation for a half-space of random, densely-distributed particles has been derived in Refs. [10, 11] , and for a layer with plane boundaries in Ref. [12] . The effective wavenumber is computed from the Dyson equation by using the quasi-crystalline approximation with coherent potential, while the radiative transfer equation is gained from the Bethe-Salpeter equation for the diffuse dyadic correlation function E (r ) E (r ) V under the ladder approximation, where E (r )
is the diffuse (incoherent) scattered field. The solution method is based on a plane wave representation of the diffuse field, which in turn, yields an integral representation for E (r ) E (r ) V in terms of the dyadic correlation function for the amplitudes of the plane waves. The radiative transfer equation is formulated with respect to the dyadic correlation function for the plane wave amplitudes, and is obtained by balancing the terms with the same phase dependence on the left-and the right-hand side of the BetheSalpeter equation. Actually, in the integral term of the BetheSalpeter equation, only the constructive interference terms varying on the long-distance scale l mp are retained; the destructive interference terms varying on the short-distance scale λ e are disregard. Physically, constructive interference terms correspond to waves traveling over the same paths, while destructive interference terms correspond to waves traveling along mutually opposite paths. This solution method does not use the Wigner transform; rather it is based on the application of the two-dimensional Fourier transform to the Bethe-Salpeter equation along the transverse component ρ ⊥ of the difference variable ρ.
A general approach for analyzing the radiative transfer in a densely-packed discrete random layer with rough boundaries has been developed by Soubret and Berginc [13, 14] . That approach uses scattering operators to describe the wave interaction with the boundaries [15] , and is based on a Green function formalism. In particular, two kinds of Green functions are introduced: the Green function G (r , r ) describing the field scattered by the layer containing particles and by the rough surfaces, and the Green function G K (r , r ) describing the field scattered by a homogeneous layer with rough boundaries and being characterized by an effective wavenumber K . The latter is expressed as a function of the rough surface scattering operators. The derivation is based on the correlated ladder-approximated Bethe-Salpeter equation for the tetradic
, where · S means the average over surface fluctuations and · V S means the average over volumetric and surface fluctuations. The effective wavenumber and the intensity operator are computed in the framework of the quasi-crystalline approximation with coherent potential. By applying the Wigner transform to the Bethe-Salpeter equation and differentiating the resulting equation, a radiative transfer equation for the Wigner transform of G (r , r ) G (r , r ) V S is obtained. This is shown to be equivalent to a radiative transfer equation for the tetradic diffuse specific intensity. The source term of this equation depends on the tetradic reduced intensity which is defined as the dyadic product of the scattering operators at the rough interface (the interface between the layer and the medium containing the sources of the incident field).
A similar approach based on surface scattering operators and Wigner transform was used by Mudaliar [16] . However, in this case, (i) the starting point is the Bethe-Salpeter equation for the dyadic correlation function E (r ) E (r ) V S , (ii) the effective wavenumber and the intensity operator are computed in the framework of the effective field approximation, and (iii) the radiative transfer equation is formulated for the Wigner transform of
. Thus, the analysis corresponds to a discrete random layer with a sparse concentration of particles.
All methods described above are based on a priori assumptions about the random electromagnetic field, including the effec- tive field approximation. According to this approximation, the coherent field in a discrete random medium behaves as a wave in a homogeneous medium with an effective propagation constant. In this paper, we revisit the approach used by Mudaliar [16] for analyzing radiative transfer in a layer of discrete random medium with rough boundaries and a sparse concentration of particles. Our goal is to clarify the underlying assumptions and to discuss the meaning of the effective field approximation.
Radiative transfer theory
We consider a discrete random medium with boundaries described by the random functions z = h 1 (r ⊥ ) and z = H + h 2 (r ⊥ ) as shown in Fig. 1 
where i numbers the N particles, k 2 1 = ω 2 μ 0 ε 1 , ω is the angular frequency, m = k p /k 1 is the relative refractive index of the particles with respect to the background medium,
and D p is the domain occupied by a particle centered at the origin of the coordinate system (a sphere of radius a ). The incident wave is a plane electromagnetic wave of amplitude E 0 ( s ) propagating in the medium D 0 in the up-going direction s = s ⊥ + s z z = s x x + s y y + s z z , that is,
In Eq. (5) , θ( s ) and ϕ ( s ) are the unit polar-coordinate vectors of the direction s , and k 0 s is the wave vector; it is given
In the following, we assume that the properties of the rough surfaces and the discrete random medium are statistically independent , which means that
Boundary-value problems
The following are the equations that govern the fields in each medium:
In Eq. (56) , the dyadic Green's function for an unbounded medium G K is
and
while the dyadic Green's function G 1 a 1 b K describing the reflections at the boundaries is
In Eq. (62) , the unit vector k a , which enters the expressions for θ( k a ) and ϕ ( k a ) , is computed as
where
Similarly, the unit vector k a 
where the dyadic projector I
is the linear identity mapping from the space vector defined
. Also note the relation connecting the reflection operators corresponding to a rough surface centered at the plane z = H and the plane z = 0 ,
2. Any surface-averaged scattering dyadic operator is of the form
while any surface-averaged dyadic correlation function of a scattering operator is of the form
If the illuminated surface has a finite area A , then
so that in the case P ⊥ = 0 , we have
To compute the effective wavenumber K we make the approx-
In this case, the effective wavenumber is that of an unbounded discrete random medium, and in the framework of the effective field approximation, K is computed as in Ref. [11] . Considering the representation of the dyadic Green's function for a layer of discrete scatterers (cf. Eq. (56) ) G
is clear that the approximation G 
This factor is negligible far away from the upper boundary when the condition K z H 1 is satisfied, or equivalently, when the thickness of the layer H is much larger than the mean free path l mp .
Integral equation for the dyadic correlation function
The dyadic correlation function satisfies the Bethe-Salpeter equation
In the ladder approximation for the Bethe-Salpeter equation, the (tetradic) scattering intensity operator in Eq. (77) is given by [2] I (r , r 1 , r , r 1 ) = n 0
and note the following relationship between the dyadic correlation functions:
Further on, defining the tetradic Green's function by
we express Eq. (77) as
Taking the average over surface fluctuations, and employing the weak surface correlation approximation , according to which, G and C are assumed to be weakly correlated on the rough surfaces, we obtain
The next step is to apply the Wigner and the two-dimensional Fourier transform to the integral equation (86) .
Wigner transform. The Wigner transform of a dyadic X (r , r ) is defined by
and the inverse transform is
For a tetradic X (r , r 1 , r , r 1 ) , the direct and inverse Wigner transforms are given, respectively, by
Applying the Wigner transform to the integral equation (86) under the assumption that for a layer with a large geometrical thickness H , we can approximate
we obtain
where 
Note that in the Wigner-transform space, Eq. (87) becomes
If the problem has translational invariance in azimuth, the Wigner transform of the dyadic X (r , r ) , where X stands for
while the Wigner transform of the tetradic X (r , r 1 , r , r 1 ) ,
where X stands for G S or I , is of the form
Here, R = R ⊥ + Z z and
Fourier transform. The two-dimensional Fourier transform of a
the inverse transform is
For a dyadic X W (R , p ) satisfying Eq. (96) , we have
while for a tetradic X W (R , p , R 1 , p 1 ) satisfying Eq. (97) , the direct and inverse two-dimensional Fourier transforms along the horizontal variable R ⊥ − R 1 ⊥ are given, respectively, by
Applying the two-dimensional Fourier transform to the integral equation (94) , taking into account that the problem has translational invariance in azimuth (the two-dimensional Fourier transforms of C W and C W are as in Eq. (100) ), and using the identity δ(
where G WF and I WF are the two-dimensional Fourier transforms of G W and I W , respectively, that is,
In the following we will use the term Wigner-Fourier transform to designate the successive Wigner and Fourier transforms, that is, 
Wigner and Wigner-Fourier transforms of the basic quantities
In this section we evaluate the Wigner and Wigner-Fourier transforms of the basic quantities entering in the integral equation (103) .
Tetradic Green's function
When computing the Wigner-Fourier transform of the tetradic Green's function G (r , r 1 , r , r 1 ) , we exclude all cross terms. In fact, taking into account that between two scattering events on the rough surface the wave interacts with the particles, we assume that the scattering events on the rough surface are uncorrelated [14, 16] . Thus, using (cf. Eqs. (56) , (57) , and (84) )
and noting that
we obtain the Wigner-Fourier transform at P ⊥ = 0 :
The tetradic S
is defined by (cf. Eq. (76) )
Note that during the derivation, the following representation for the Wigner transform is obtained:
has the property (97) , which reflects the translational invariance in azimuth.
Scattering intensity operator
Considering the integral representation of the scattering intensity operator as given by Eq. (78) and using ( T i is a translational
is the Fourier transform of the transition operator of particle i centered at R i , and T p (p , p ) is that of a particle centered at the origin of the coordinate system [11] , we find that the 
The integral representation (116) shows that the operator
, and that the dyadic T p is off-shell evaluated, since in general
To simplify the analysis, we use the on-shell approximation for the dyadic T p [14, 17] T
where for p = p ⊥ + p z z and 
Coherent dyadic correlation function
As in the case of the tetradic Green's function, the Wigner transform of the coherent dyadic correlation function is computed by neglecting the correlations between the up-going and downgoing coherent waves. Thus, by means of Eq. (53) , we have
Applying the Wigner transform to C c S , and using the dyadic identity
we obtain 
Some properties of the dyadic C aa c (Z, p ⊥ ) are listed below.
1. From Eqs. (124) and (125) , we see that
with 
The latter follows from
which gives
The transmission function T + (Z, H) describes the attenuation of the up-going coherent field through the medium, while the transmission function T − (Z, H) describes the attenuation of the down-going coherent field, which first propagates through the layer and is then reflected at the upper boundary.
3
Setting Z = H in Eq. (124) gives
Then, using Eqs. (70) , (72) , and (125) we find the boundary condition
at Z = H, where the tetradic reflection operator
is defined by
Diffuse dyadic correlation function
The diffuse dyadic correlation function is the key quantity in our analysis and for this reason it deserves more attention. First, we observe that the tetradic G WF can be written as we infer that C W (Z, p ) can be expressed as
where the transverse component C
Hereafter, we give a physical interpretation of the Wigner transform of the diffuse dyadic correlation function, and in particular of its transverse component. We employ the same analysis as in Ref. [10, 11] with the aim to recover the representation (137) . Let us decompose the diffuse field into a spectrum of up-going and downgoing waves
with
for 
where as usual, Z = (z + z ) / 2 . This means that (i) ab varies only with respect to Z on the mean free path scale l mp and not with respect to z − z , which is on the wavelength scale λ e ; (ii) the fields with the same k ⊥ are correlated, while the fields with different k ⊥ are uncorrelated; and (iii) the correlations due to the reflecting boundaries of the up-going and down-going waves are represented by a −a . From Eqs. (139) and (141) , we find the following expression for the diffuse dyadic correlation function:
Further on, neglecting the correlations due to the reflecting boundaries, i.e., neglecting the dyadics a −a (Z, k ⊥ ) in Eq. (143) , we get
For C (r , r ) S we assume a similar representation, with say,
. Then, by straightforward calculations, we find that the Wigner transform of C (r , r ) S is of the form
with Therefore, the Wigner transform of the (total) dyadic correlation function inherits this representation type; it is given by
2. By virtue of the assumption (141) , which is similar to the quasiuniform field approximation, C W (Z, p ) depends on p z through the Dirac delta function δ(p z − aK z (p ⊥ )) . In fact, the representation (149) of the Wigner transform of the dyadic correlation function is equivalent to the representation (2) in the quasiuniform field approximation.
Radiative transfer equation
The radiative transfer equation will be formulated for C aa (Z, p ⊥ ) , which are the upward and downward transverse components of the Wigner transform C W (Z, p ) .
Integral and differential forms of the radiative transfer equation
Inserting Eqs. (106) , (107), (110) , and (118) on one hand and Eqs. (123) and (146) on the other hand in Eq. (103) , and tracing up-going and down-going waves, we obtain the following integral form of the radiative transfer equation:
Some comments in connection with the derivation of the integral equation (151) 
Thus, S 
where, be means of the dyadic identity
Taking the derivative of Eq. (151) and using
where H ( Z ) is the Heaviside step-function, we obtain the differential form of the radiative transfer equation:
Note that in deriving Eq. (159) , we used the result
which follows from the dyadic identity (157) . The differential Eq. (159) is complemented with the boundary conditions
at Z = 0 , and
at Z = H. Here, the tetradic reflection operator R 01 (p ⊥ , p 1 ⊥ , 0) at the lower boundary is defined by
while the tetradic reflection operator R 21 (p ⊥ , p 1 ⊥ , P ⊥ ) at the upper boundary is defined as in Eq. (135) . The boundary conditions (160) and (161) are derived under the so-called weak surface correlation approximation discussed in Appendix 1 .
Conventional radiative transfer equation
The conventional radiative transfer equation will be formulated for the transverse components C aa (Z, p ⊥ ) of the Wigner transform of the (total) dyadic correlation function C W (Z, p ) . By making use of Eqs. (131) and (150) , we express the radiative transfer Eq. (159) 
Then we proceed as follows.
1. We assume that K K , yielding K ≈ K , and neglect the evanescent waves, i.e., | p ⊥ | = p ⊥ ≤ K . Recall that the disregard of the evanescent waves is equivalent to the far-field approximation for the fields. In this context, we define the real upward ( a = + ) and downward ( a = −) vectors for propagating waves by
Obviously, p a is a real vector whose norm is exactly K , i.e.,
⊥ agrees with the previ-
we describe up-going and down-going propagating waves through the (normalized) direction p = p (θ , ϕ) , with p = p x x + p y y + p z z and
as follows:
Thus, the polar angle θ specifies if a wave is up-going or downgoing. Noting that p ⊥ = K ( p x x + p y y ) , we find
and so,
2. For small K , we use the first-order Taylor expansion
to approximate
3. We introduce the specific dyadic correlation function (Z, p a ) through the relation
In using Eq. (149) , the inverse Wigner transform gives 
where Ω + and Ω − are the upper and the lower hemisphere.
The radiative transfer equation for the specific dyadic correla-
In obtaining Eq. (178) , we used the relation between the transverse component of the Fourier transform of the transition operator T pT and the far-field scattering dyadic A , i.e.,
As compared to Eq. (159) , the radiative transfer Eq. (178) has been derived by further assuming that K K and by neglecting the evanescent waves.
In the case r = r , the dyadic correlation function C (r , r ) is the coherency dyadic C (r ) , and the specific dyadic correlation function (Z, p ) is the specific coherency dyadic (z, p ) , so that (cf.
Eq. (176) with r = r )
Because, Z = z = z , the radiative transfer equation for the specific coherency dyadic is as in Eq. (178) , but with Z replaced by z . Putting
where S ( p , p 1 ) is the amplitude matrix for the incident and scattering directions p 1 and p , respectively, and using the computation rule (154) , we obtain the following radiative transfer equation for the specific coherency dyadic:
To derive the radiative transfer equations for the specific coherency column vector, we first note that for spherical particles,
where S ( s , s ) is the amplitude matrix in the forward direction, and C ext is the extinction cross sec-
the radiative transfer Eq. (181) becomes
Here, the coherency extinction matrix is
where I 4 is the four-by-four identity matrix, while the coherency phase matrix is
Conclusions
Following Ref. [16] as a template, we summarize below the assumptions under which the radiative transfer equation (159) has been derived.
A1. The fluctuations of the discrete random medium and the rough surfaces are assumed to be statistical independent and homogeneous . On average, the problem is translationally invariant and isotropic in azimuth. The fact that the problem has translational invariance in azimuth is reflected by the properties (96) and (97) . By direct calculations, it has been shown that these properties are satisfied. A2. By means of the effective field approximation , the coherent field and the average dyadic Green's function of the discrete random layer correspond to a homogeneous layer characterized by the effective wavenumber. The effective wavenumber is computed by neglecting boundary effects . Under the assumption that the layer thickness is greater than the mean free path, the effective wavenumber is that of an unbounded discrete random medium. A3. In computing the Wigner transforms of the tetradic Green's function and the coherent dyadic correlation function, all cross terms are excluded. Consequently, the integral equation (103) , derived under the effective field approximation, implies that the expression for the Wigner transform of the dyadic correlation function is equivalent to that obtained in the quasi-uniform field approximation.
A4. The scattering intensity operator is computed in the ladder approximation for the Bethe-Salpeter equation, while the Wigner-Fourier transform of the scattering intensity operator is computed by means of the on-shell approximation for the Fourier transform of the intensity operator. A5. The weak surface correlation approximation is used for averaging over surface fluctuations.
The conventional radiative transfer equation has been obtained by further assuming that K K as well as by neglecting the evanescent waves (far-field approximation).
The following conclusions can be drawn from our analysis.
1. The quasi-uniform field approximation has not been used explicitly. It is a consequence of the effective field approximation and the exclusion of the cross terms in the expressions for the tetradic Green's function and the coherent dyadic correlation function. 2. Assumptions A3 and A5, as well as the assumption that the layer thickness is greater than the mean free path, are required when dealing with a discrete random medium with a finite geometrical thickness and scattering boundaries. 3. If the layer has non-scattering boundaries, the main assumptions of the derivation are the effective field approximation and the on-shell approximation to the intensity operator. The validity of the former is discussed in detail in Appendix 2 . The conclusion of this analysis is that the effective field approximation (with or without coherent potential) applies to sparse media when the common assumptions and approximations (uncorrelated particle positions, far-field approximation, and the Twersky approximation) are made. Its application to dense media is questionable; it is only in the low-frequency limit that it is justified. Up to this point, these assumptions are essentially equivalent to those in Ref. [1] . What is new is the on-shell approximation to the intensity operator. From a mathematical point of view, this approximation, which in principle should follow from the sparse medium assumptions, is a consequence of using the Wigner-transform method; without this approximation, the desired representation of the radiative transfer equation cannot be obtained.
Appendix A. Boundary conditions for C aa (Z, p ⊥ )
To derive the boundary condition at the lower boundary, we set Z = 0 in Eq. (151) . Then we find that C
In Eqs. 1. In the case b = + , Eqs. (187) and (188) read
On the other hand, from (cf. Eq. (65) )
we get
Taking the average over surface fluctuations under the weak surface correlation approximation (the tetradics R 01 R 01 and S 1 −1+ S 1 −1+ are assumed to be weakly correlated on the rough surface), we obtain
In Eq. (193) , we make the changes of variables
then, in using d
is readily seen to be unity), we find
where, the tetradic reflection operator R 01 is defined as in Eq. (75) , i.e.,
and the tetradic S is defined in a similar manner. Setting P ⊥ = 0 in Eq. (197) , and using Eqs. (189) and (190) gives
2. In the case b = −, Eqs. (187) and (188) take the form
Now, from (cf. Eq. (66) )
the approximation
which is similar to the approximation we used while computing the Wigner transform of the dyadic Green's function, and the weak surface correlation approximation , we get
Using (cf. Eq. (71) )
and making the changes of variables (194) - (196) in Eq. (204) , we obtain
Setting P ⊥ = 0 in Eq. (205) and taking into account Eqs. (200) and (201) gives, as before,
From Eqs. (199) and (206) , we infer that the boundary condition at Z = 0 is
To derive the boundary condition at Z = H we use Eqs. (67) , (68) , and (72) , and proceed analogously. We obtain
where the tetradic reflection operator R 21 (p ⊥ , p 1 ⊥ , 0) at the upper boundary is given by Eq. (135) .
Appendix B. Effective field approximation
In this appendix we analyze under what conditions the average dyadic Green's function for a discrete random medium can be approximated by the dyadic Green's function for a homogeneous medium with the effective propagation constant. For simplicity, the medium is assumed to be unbounded.
Taking the Fourier transform of the Dyson equation for the average dyadic Green's function G = G 0 + G 0 M G , under the assumption that for a statistically homogeneous medium, the mass operator and the average dyadic Green's function are translation invariant, i.e., M (r , r ) = M (r − r ) and G (r , r ) = G (r − r ) , respectively, we are led to the dispersion equation [11] det
for the propagation direction p , where G 0 (r , r ) is the free-space dyadic Green's function and M p (p ) is the Fourier transform of the mass operator. In a statistically isotropic medium, e.g., a medium consisting of spherical particles or randomly oriented particles with a plane of symmetry, we assume that the mass operator is of the form
in which case Eq. (208) yields the dispersion equations for the longitudinal modes
and the transverse modes
The assumption (209) reflects the statistical isotropy of the medium, i.e., the effective wavenumber K solving Eqs. (210) 
that is
In the effective and quasi-crystalline approximations, it has been shown that in the low frequency limit, i.e., p → 0, we have In the following we analyze the applicability of the homogenization theorem to the cases discussed in Ref. [11] .
Effective field approximation or Foldy's approximation
The Foldy approximation applies to sparse media and relies on the Foldy equation for the total field E = E 0 + i G 0 T i E exc i , where E exc i is the field exciting particle i . Taking the configuration average of this integral equation under the assumption that the positions of the particles are statistically independent, employing the first-order closure relation or the Foldy approximation E exc i i = E , where E exc i i is the conditional probability of the exciting field with the position of particle i held fixed, and using the fact that T i is a translational dyadic, i.e.,
that in the Fourier space, the mass operator is given by 1 ; hence the dispersion equation for the longitudinal modes has no solutions, and Assumption A2 is also satisfied. If the effective wavenumber is taken as the solution of the equation K 2 = k 2 1 + n 0 T pT (K) with the smallest positive imaginary part, we conclude that the homogenization theorem is applicable. For this reason, the Foldy approximation for the exciting fields is equivalent to the effective field approximation. Note that if n 0 is small, the term n 0 T pT (K) is also small, and we can approximate K ≈ k 1 . Therefore, the argument K of T pT can be replaced by k 1 , and we obtain the dispersion relation K 2 = k 2 1 + n 0 T pT (k 1 ) . In Ref. [2] it has been shown that the expression for the mass operator derived under the Foldy approximation for the exciting fields is the same as that obtained under the Twersky approximation applied to the Foldy equation for the total field. Both approaches also assume that the positions of the particles are statistically independent. Taking into account that the neglect of the longitudinal waves is allowed in the far-field approximation (when in the far zone, the waves are transverse), we conclude that the effective field approximation is valid under the same assumptions as in Ref. [1] .
Effective-field approximation with coherent potential
In this approach, the counterpart of the transition operator T i for particle i satisfying the Lippmann-Schwinger equation T i = by C e p (p , p | K ) = C e (K) 
f = n 0 V 0 is the particle volume concentration, and z = k 2 1 (m 2 − 1) . Thus, in the low-frequency limit C e p (p , p | K ) is as in Eq. (228) , and therefore, the effective field approximation is valid in this limit. In fact, in the limit p → 0, C e p (p , p | K ) playing the role of the transition operator does not depend on p at all (see the above formula). The reason is that, relative to the wavelength, the sphere becomes a point-like scatterer, and a point has no length scale and no geometric structure to speak of.
For dense media and all frequencies, it is not only Assumption A1 but also Assumption A2 which appears to be problematic. The neglect of the longitudinal waves is equivalent to the far-field approximation, which, in turn, is typical of sparse media. Therefore, we believe that the use of the homogenization theorem in the case of dense media leads only to an approximate model for describing radiative transfer (essentially, the model borrows some features which are characteristic of sparse media ). Such a model [14] 
for η, η , μ, μ = θ , ϕ.
